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Three fundamental PDEs

@ The wave equation (Hyperbolic)

’Au(x, t) — opu(x,t) = O‘

@ The heat equation (Parabolic)

‘Au(x, t) — owu(x,t) = 0‘

@ The Laplace equation (Elliptic)

Here (x,t) e R and A = Ay = 941 + - - - + Onn
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The wave equation

‘Au(x, t) — opu(x,t) = 0‘

@ Suppose
8n|t:t0 U(X, t) = 0,

@ Then
Au(x, ) =0.
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The wave equation

The Dirichlet problem

Au(x,t) — ogu(x,t) =0, xeR, t>0
u(x,0) = f(x),
8tU(X, O) = g(X)

Solution given by D’lamberts formula

1 1 xX—t
u(x,t) = E(f(x —t)+f(x+1)+ 2/, gds
X
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Simple Dirichlet problem

Let ,
f(x) = e/tx _1)X(—1,1)a g9(x)=0

u(x,0) y
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Simple Dirichlet problem

Let ,
f(x) = e/tx _1)X(—1,1)a g9(x)=0

u(x,1/2) y
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Simple Dirichlet problem

Let ,
f(x) = e/tx _1)X(—1,1)a g9(x)=0
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Simple Dirichlet problem

Let ,
f(x) = '/ 71)X(71,1), 9(x)=0

@ Finite propagation speed
@ No hope of
an|t:t0 U(X, t) = 0,
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The heat equation

‘Au(x, t) — owu(x,t) = 0‘

@ Suppose
Otlp—y, u(x, 1) =0,

@ Then
Au(x, ) =0.
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The heat equation

The Dirichlet problem

{AW&D—&M&D:Q XER, t>0
u(x,0) = ¢(x)
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The heat equation

The Dirichlet problem

{Au(x, f)—ow(x,t)=0, xeR, t>0
u(x,0) = ¢(x)

Let 0(x) be a dirac mass i.e. 6(x)[f] = f(x).

’
G(x,t) = e o X2 /4t

~

solves
{Au(x, t)—ow(x,t)=0, xeR, t>0

u(x,0) = o(x)
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u(x,0) ¢
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u(x,0.25)
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u(x,0.5)
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u(x,1)
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u(x,1)

@ Infinite propagation speed
@ Uniform decay in t
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G(-, t) Approximate identity

Je G(x, t)dx =1
G(x,t) = (x/\/_ 1)

So if ¢ € C° then
G(-,t) x ¢ — ¢ uniformly as t — 0O,

where

G 1) * 6](x / G(x — y, Do(y)dy.
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The wave equation

SO

u(x, t) Vx4t ) dy

:/16(
R Vart

solves

The Dirichlet problem

Au(x,t) — ow(x,t) =0, xeR" t>0
u(x,0) = ¢(x)

Still have
@ Infinite propagation speed
@ Uniform decay in t
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The Heat equation

‘Au(x, t) — owu(x,t) = 0‘

@ It is reasonable to suppose

Ol =y, u(x, 1) = 0,

@ so then
Au(x, ) =0.
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The Heat equation

‘Au(x, t) — owu(x, t) = 0‘

@ It is reasonable to suppose

Otlp—y, u(x, 1) =0,

@ so then
Au(x,ty) =0.

@ Can think of solution to as steady heat flow
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The Laplace equation

Letn=2

Au(x,y) = OxxU(X,y) + Oyyu(x, y)

_ U(X—h,y)—ZU(X,y)+U(X+h,y)
N h

+ U(Xv.y_h) _ZU(X?y)+U(Xay+h) +O(h2)

h
S0 implies

(U(X—h,y)+U(X+h,y)—|—U(X,y—h)+U(X,y+h))

U(Xay) =

ENJE

@ u(x,y) is average
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The Laplace equation

in domain Q C R”

@ u(X) is spherical average

1 _

uX)= — udo, B(X,r)cCQ
X) = 18BN Josx) (X.n)

Maximum principle

sup |u| = sup |u]|
Q Glel

B = B(X*,6(X*))
u(X*) =supq u

Q

00
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The Laplace equation

Let and v > 0 in domain Q Cc R”

Harnack’s inequality

supu < Cinfu
B B

u =~ constant on B.

B = B(X,8(X)/2)
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The Laplace equation

Let and v > 0 in domain Q Cc R”

Harnack’s inequality

supu < Cinfu
B B

u =~ constant on B.

“‘~~~'é/ — B(X',5(X")/2)
5(X)y
: 20
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The Laplace equation

Let and f € LP(99) i.e. [yq |fIP < oo

The Dirichlet problem

{Au Y0, inQ (0P1,)

u=rfFf, onoQ

@ Where should we look for solutions? i.e. u € ? Bigger is better!
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The Laplace equation

By the fundamental theorem of calculus of variations
Au=0inQ < /AU@:O, Vo € CZ(Q).
Q

IBP implies
/ Aup = / Vu -V = Balu, ]
Q Q

Weak solution

Au=0inQ < Bau,¢] =0, Ve CX(Q).
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The Laplace equation

Weak solution

Au=0inQ < Ba[u,¢] =0, Ve CF(Q).

Only need one derivative so take

ue Wh3(Q) = {v : / \v\z,/ IVv|? < oo}
Q Q
It is known that

Au=—0inbal B = Au=0inB

In fact u € C*>°(B), hypoellipticity.
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The Laplace equation

@ [DP], "easy" if f € C°(0Q) N LP(9Q)
@ Take fx € C°(9Q) N LP(9Q) so that fx — fin LP
o If

[ INwdP < [ P Nu(@) = sup Ju
o o

Fa(Q)
Then by Maximum principle ux — uin W!2(Q) and u solves
[DP]p.
Fa(Q)
(07
Q
S oQ

Erik Satterqvist (University of Edinburgh) Elliptic Flavoured PDEs October 7, 2022



For f € C°(9Q) N LP(0RQ) find u € W'2(Q) with

Au==0, inQ
u=fFf onoQ

and prove
/ IN[U]]P < C / P, Vf e CO(0Q) N LP(0Q)
o0 o0

@ In fact u € C%(Q) using the Harnack inequality
@ Can we replace A with more general operators L?
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Note A = div(/V) & let [ L = div(AV) |where A = A(X) € R™", X € Q.

As before
/dlv(AVu /AVU Vo = Biu, ¢].

Note

BA[u,u]:/Q\u|2.

& [P <Blud<c [ 2
Q Q

;KFSAéfgcm% Ve eR", a.eX € Q.

Need

which follows if
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The Laplace equation

L = div(AV) is elliptic if 3x > 0 s.t.

MER < Ac-€ < AVER, VEER™ aeXeQ.

@ Thus | A(X)¢ - ¢ = 1 |defines an ellipsoid in £ € R" with

)\ < the length of the semi-axi < A~

@ Note ’
AC-E= A6 A= (A+AT)

So A% .= A— AS free
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Perturbation theory

To solve [DP],, for L we need it to be "close" to A

Dindos-Satterqvist-Ulmer ’22

@ Q c R" be bounded chord-arc domain.
(*] Lo = dIV(AQV) and L1 = dIV(A1V) with HA?”BMO <A.

ar=r(n,\,A) € (1,00), v=~(n,\,A) >0,

so that if

Bf(z)z / r 1
dZ <~|A|, BH(Z) = A — A
[ G sl s = ([ im-ar)

then [DP], for Ly solvable implies [DP], solvable for Ly,
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Perturbation theory

Can think of
Br(2)?
dZ < ~|A
/T(A) 6(2) <Al
as

Br(Z) ~ 6(2)°*
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Perturbation theory

@ Let Lo = Aand Ly = L =div(AV).

@ Suppose
/‘WMWSQ/VR vf € CO(09) N LP(59)
[2)9] o0

so that [DP], solvable for A.
@ [DP]p solvable for L if

1
B(z,6(2)/2)

i.e.||AZ) - I ~ 6(2)°F
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Thanks for listening!

Preprint: https://arxiv.org/abs/2207.12076

Email: erik.satterqvist@ed.ac.uk
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