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The Dirichlet Problem for elliptic PDEs

- Q C R" domain
- Elliptic real matrix, i.e. A(x) € R™*" with

]
MCP < CTA(x)¢ < sz for all x € Q.

- Dirichlet Problem: Let f € C(0Q). Find u € C*(Q) N C(Q) such that

Lu = div(AVu) =0 in Q,
Y=jf on 0N.
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Weak solvability:

/ AVU - Vedx =0 for all ¢ € C5°(2)
Ja
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u(x) "E fQ)
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Boundary data: Q 2



The Dirichlet Problem for elliptic PDEs

- Q C R" domain
- Elliptic real matrix, i.e. A(x) € R"*" with
1
MNP < CTAMX)C < sz for all x € Q.
- Dirichlet Problem: Given f € LP(0Q). Find u € W"?(Q) such that
Lu = div(AVu) =0 in Q,
Y=jf on 0N.

We say the LP Dirichlet Problem for £ is solvable, if for all
f € LP(092) N C(0Q) the solution u € W"%(Q) of

Lu = div(AVu) =0 in Q,
u=f on 0N.

satisfies
IN(U)Ir o) < Cliflliron)-



From the Laplacian to the t-independence condition

div(AVu) =0
Au=0 — A sym., bounded
/ A t-indep.

\V R" R" = 9Q

It turns out that the LP DP is solvable assuming t-independence.



From the Laplacian to the Carleson condition

) div(AVu) = 0
Au=0 L — A symmetric
p(x,t) = ct+ 6 = d>(x)/ + extra properties

A /b
\V R" R" = 9Q

A has the properties

(i) |VAX, )] < ¢,
(i) |[VA(x,t)|’tdxdt is a Carleson measure.



Solvability of LP Dirichlet Problem for £: Carleson condition

- 0(2) :=dist(Z,09Q), A(Q,r) := B(Q,r)Nn 9, T(A) := B(Q,nN NQ
e X
|5(X)
— 00

A

- A measure p on R" is called Carleson measure if there exists
C<oost

w(T(A)) = /T(A) du(X) < Co(A) for all A C 09.

Smallest C with this property is called Carleson norm ||l c.
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- A measure p on R" is called Carleson measure if there exists
C<oost

w(T(A)) = /T(A) du(X) < Co(A) for all A C 09.

Smallest C with this property is called Carleson norm ||l c.
- Set

du(X) :=  sup |VAP§(X)dX.
B(X,6(X)/2)

Theorem: If ||u]|c < oo then L is LP solvable for some p.
If ||pl|c is sufficiently small then £ is L2 solvable.



Pertubation

- Given:
£0 = diV(AoV'), Eq = diV(A1v-)
- Goal:
Loy is LP solvable + ”Ag and A; are close to each other”

= [, is LP solvable.
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= [, is LP solvable.

0(2) := dist(Z, 09), a(Z) = sup  |Ao(Y) —A(Y)]
YeB(Z,6(2)/2)

Theorem: Pertubation result with Carleson condition
If Lo is LP solvable and

o? C a(2)?
Gple < te [ S5az<aoa)

sufficiently small then £ is LP solvable.




Conclusion and further questions?

There are three (common) solvability criteria:

- t-independence
- Carleson measure condition

- Pertubation



Conclusion and further questions?

There are three (common) solvability criteria:

- t-independence

- Carleson measure condition

- Pertubation
Question 1: What happens if A is non-symmetric?
Question 2: What happens if A is not bounded?

Question 3: Are there other conditions on pertubation between A
and A; so that solvability transfers from Ag to A;?

Question 4: Could there be a different type of perturbation which
allows for non-trivial differences of the matrices at the boundary?

Question 5: What happens if A is a complex matrix?



Thank you for your attention!
Questions?



