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We immerse a two-dimensional physical wave-propagation experiment in a virtual (simulated) environment in real time. This enables broadband hybrid wave experimentation in physical media that may
be governed by unknown physics, embedded seamlessly within virtual media with either modeled or
measured physics. Using the theory of immersive boundary conditions and a recently presented control
system [Becker et al., Immersive Wave Propagation Experimentation: Physical Implementation and OneDimensional Acoustic Results, Phys. Rev. X 8, 031011 (2018)], we convert a circular two-dimensional
acoustic waveguide into a larger physicovirtual square waveguide. Real-time wave-ﬁeld extrapolation
allows waves to propagate seamlessly between physical and virtual media, producing correct waveﬁeld interactions between them, including nonlinear eﬀects. We show that the laboratory can physically
measure the response of nonphysical energy-gain materials in real time. The physicovirtual laboratory
thus allows previously inaccessible wave phenomena to be investigated experimentally and constitutes an alternative approach for wave-physics investigations by connecting experimental and numerical
approaches.
DOI: 10.1103/PhysRevApplied.13.064061

I. INTRODUCTION
In the era before digital computers, physical experiments in wave-propagation laboratories were crucial for
the interpretation of physical observations, for testing
scientiﬁc hypotheses, and for exploring complex wave
physics (see, e.g., Refs. [1,2]). Since then, numerical modeling of virtual environments of ever-increasing complexity has become an essential element of hypothesis testing
based on understood physical relationships (see, e.g., Refs.
[3–5]). The role of physical laboratories is therefore mainly
to explore novel or less well-understood physics or to
investigate wave propagation in highly complex media that
cannot easily be simulated [6–10]. However, such laboratories often suﬀer from unwanted back-scattering of waves
from the physical boundary of the laboratory, which can
mask waveforms of interest and hamper their interpretation [1]. This issue could be overcome by using shorter
probing signals (higher frequencies) to obtain a time separation of the reﬂected waves and the signal of interest.
However, since many wave phenomena are frequency
dependent [11–13], such a scaling approach does not constitute a satisfying solution. Alternatively, the boundary of
the laboratory can be rendered “invisible” for the probing
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wave ﬁeld and reﬂections suppressed by the appropriate
use of boundary conditions. This is, for instance, applied
in anechoic chambers, commonly used for the calibration
of microphones and loudspeakers, where a large volume
of absorptive material is placed on the edges of a cavity
to suppress reﬂections from its boundary [14]. A hybrid
anechoic chamber has been suggested by Habault et al.
[15], where the suppression of reﬂections for low frequencies is further improved by placing active control sources
on the boundary, which inject a secondary wave ﬁeld that
destructively interferes with the boundary reﬂections.
Here, we take full control of the acoustic wave ﬁeld
on the boundary of a physical laboratory using densely
spaced control sources. Not only does this allow us to
virtually remove the inﬂuence of the boundary for broadband acoustic waves in a dynamic and ﬂexible way but the
physical laboratory can also be coupled to a surrounding
virtual medium. This connects physical and virtual wavepropagation laboratories, immersing one within the other,
thus creating a physicovirtual laboratory for wave-ﬁeld
experimentation. Virtual media with understood, hypothesized, or measured physical relations can be linked to
any physical medium of arbitrary complexity to create
a physicovirtual medium. The laboratory relies on the
physical implementation of so-called immersive boundary
conditions (IBCs) [16–18] to link the two media. Unlike
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existing experimental demonstrations of active wave-ﬁeld
control (see, e.g., Refs. [19–24]), the physicovirtual laboratory accounts for all orders of scattering interactions
between physical and virtual media. Since the implemented boundary conditions are nonlocal in time and
space, the laboratory allows spectrally and spatially broadband waves to propagate seamlessly between both media,
without requiring a priori knowledge of the incident wave
ﬁeld. Measurements are made in real time in this laboratory and no assumptions are made about the underlying
physics, so that complex nonlinear behavior and waveﬁeld interactions with nonphysical virtual media can be
observed. Thus, the physicovirtual laboratory allows the
physical investigation of wave phenomena that can otherwise only be studied numerically. Moreover, it enables
experimentation at signiﬁcantly lower frequencies than is
possible in conventional wave-propagation laboratories,
which commonly suﬀer from adverse boundary reﬂections
[1] or scaling-related issues [11–13].
We start by describing the concept of immersive
wave experimentation (Sec. II). The two-dimensional (2D)
acoustic laboratory and physicovirtual measurements from
a nonphysical medium are presented in Sec. III. The ability
of IBCs to reproduce all orders of wave-ﬁeld interactions
between physical and virtual objects is also demonstrated
in this section. In Sec. IV, the broadband nature of the
physicovirtual laboratory is demonstrated and the associated reduction in sound pressure levels (SPLs) and repeatability are discussed. Finally, further implications of the
physicovirtual laboratory are presented in Sec. V.

II. CONCEPT OF IMMERSIVE WAVE
EXPERIMENTATION
To create a physicovirtual laboratory, we consider the
following question: “Are there boundary conditions that
make wave propagation on one ﬁnite-volume domain
behave like wave propagation on another domain?” Under
certain conditions, it turns out that this can be achieved by
using IBCs [16,17]. IBCs have previously been used primarily to truncate the spatial domain of numerical waveﬁeld simulations while still producing wave ﬁelds from
nontruncated simulations [17,18]. The theory of IBCs has
been described in detail in previous work [16–18] and is
brieﬂy revisited in Appendix A with reference to acoustic
wave ﬁelds (similar principles apply for elastic and electromagnetic wave propagation). Three processes immerse
a physical domain of interest (Vphys ) within a surrounding
virtual domain (Vvirt ) by dynamically coupling the wave
propagation in the two domains: (1) the acoustic wave
ﬁelds are measured on a surface of sensors S rec near the
edge of Vphys ; (2) a Kirchhoﬀ-Helmholtz integral is evaluated in real time using virtual-medium Green’s functions
to extrapolate the measured wave ﬁelds to the boundary
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FIG. 1. A schematic illustrating the concept of experimentation using IBCs. (a) Waves incident on the boundary (1) of the
physical domain are extrapolated from S rec (purple line) to all
sources on S emt (red line), priming those sources to emit energy
such that reﬂections (1 ) are suppressed. Wave-ﬁeld interactions
with the virtual domain are included in the extrapolation and
emitted appropriately by the boundary sources (2). This also
holds for higher-order scattering between the physical and virtual
domains. The stimulus loudspeaker used to initiate individual
experiments is shown as an orange star and the gray square represents a scatterer in the physical domain. The either acoustically
transparent or rigid numerically simulated virtual boundary of
Vvirt is denoted by a black dashed line. (b) Recordings from two
dense surfaces of microphones on S rec (purple triangles) are fed
to the low-latency control system, which extrapolates the wave
ﬁeld to S emt in real time, where it is injected by the control
loudspeakers (red stars). (c) A photograph of the 2D acoustic
physicovirtual laboratory used in this study.

of the physical domain (S emt ) as well as through the virtual environment; and (3) the extrapolated wave ﬁeld is
applied as the signature of a set of secondary sources
populating the boundary of the physical domain (Figs. 1
and 8). The secondary sources then act as perfect sinks
for the primary ﬁeld incident on the boundary, canceling all boundary reﬂections. If Vvirt is a heterogeneous
medium, wave-ﬁeld interactions with those heterogeneities
are included in the Kirchhoﬀ-Helmholtz extrapolation and
radiate back into the physical domain from the secondary
sources. This approach holds for any order of scattering interactions between the physical and virtual domain,
including all wave phenomena arising from these interactions, and does not require a priori information about
the incident wave ﬁeld or the medium inside the recording
surface.
The idea of using IBCs to couple a physical and a virtual or numerical domain in real time has been proposed
by Vasmel et al. [25] and is referred to as immersive
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experimentation. One of the most challenging aspects of
implementing IBCs physically arises from the need to predict the wave ﬁeld around the entire boundary of the physical domain fast enough: the wave ﬁeld needs to be known
on the boundary before it physically arrives there. This is
required to prime the signature of the secondary sources
populating S emt in order to cancel the arriving energy.
That is, the set of all recordings of energy on S rec must
be extrapolated computationally to each secondary source
on S emt by evaluating Eq. (A3) at faster-than-real wavepropagation speed, so the total latency between physically
recording the wave ﬁeld on S rec and applying the required
boundary conditions on S emt needs to be smaller than the
shortest physical travel time between the surfaces. This
makes the design of the extrapolation and control system
particularly challenging and as a result, to date only onedimensional (1D) immersive wave experimentation has
been achieved, for which only a few control sources and
receivers are required and the extrapolation reduces to a
trivial sum [26–28]. To achieve immersive wave experimentation in higher dimensions, a tailor-made low-latency
control system is constructed, which allows the extrapolation from 800 simultaneous analog input channels to 800
simultaneous analog output channels at a sample rate of
20 kHz in no more than 200 μs. For more details on the
architecture of the real-time data acquisition, computation,
and control system, and on the numerical implementation
and real-time evaluation of Eq. (A3), see Broggini et al.
[18] and Becker et al. [26].
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boundary. These corrections are discussed in detail in
Appendix C and also in Becker et al. [26].
To demonstrate the physicovirtual laboratory, we ﬁrst
turn the edge of the experiment from a physical circle
into a physicovirtual square. In a ﬁrst experiment without
boundary control (IBCs disabled), a Ricker wavelet (i.e., a
wavelet described by the second derivative of a Gaussian
function [29]) with a dominant frequency (fd ) of 3 kHz
is emitted into the waveguide by a loudspeaker placed
at (0, −0.2) m [see Fig. 2(a)]. The resulting outwardpropagating pressure wave is recorded by the two circular
microphone arrays between around 1.3 and 2.5 ms [label 1
in Fig. 2(a)]. The wave reﬂects from the circular boundary of the waveguide, propagates inward, and is again
recorded by the microphones between 3.6 and 5.3 ms (label
2); it then propagates outward again, creating a reverberating ﬁeld (label 3 and subsequent events). The same
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III. REAL-TIME IMMERSION OF
TWO-DIMENSIONAL ACOUSTIC EXPERIMENTS
In the following, we present measurements made in a 2D
acoustic physicovirtual laboratory, enabled by real-time
IBCs acting on the boundary of a circular waveguide.
In this laboratory, a total of 156 acoustic sensors (microphones) are connected to 104 acoustic emitters (loudspeakers) through the control system to physically implement
the required boundary conditions. In the experiments,
reﬂections from the boundary of the laboratory are suppressed and all orders of wave-ﬁeld interactions with a
virtual simulated scattering domain surrounding the physical experiment are produced, thereby fully immersing the
physical experiment within the virtual background. The
experimental setup is described in detail in Appendix B
and a schematic and photograph are provided in Fig. 1.
It is worth noting that in addition to the computationally
demanding wave-ﬁeld extrapolation, the physical implementation of IBCs involves a range of real-time hardware
corrections to comply with the theory of IBCs. These corrections include the removal of sensor and emitter transfer
functions and particle-velocity estimation from pressure
recordings, as well as a correction for the imperfect domain

FIG. 2. Results demonstrating physicovirtual experiments in a 2D circular acoustic waveguide, which is
immersed in a virtual square domain. The respective
setups are sketched in the top row (notation as in Fig. 1).
(a)–(c) Experimental data extracted at the outer circular microphone array without (a) and with (b),(c) active boundary control
using IBCs. (d)–(f) Numerical simulations of the acoustic wave
ﬁelds computed on a circular (d) and square (e),(f) model with
perfectly reﬂecting boundaries. The virtual domain outside the
waveguide is lossless for the experiments shown in (b) and (e),
while the virtual medium is energy gaining for the results in
(c) and (f) (represented by the light blue and red color in the
top sketches). Labels 1–3 are explained in the main text. Events
recorded after around 8 ms have interacted with the virtual
domain at least twice.
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experiment is repeated with IBCs enabled [Fig. 2(b)]. The
virtual domain is chosen to be square, with side lengths of
1.4 m and perfectly rigid boundaries, in which Green’s
functions used for real-time extrapolation are modeled (the
black dashed line in Fig. 1 thus represents the rigid outer
boundary of the virtual domain). This time, the broadband
reﬂection of the wave incident on S emt is strongly suppressed (with a reduction in SPL of approximately 12 dB),
rendering the physical boundary transparent for broadband acoustic signals. Moreover, all wave-ﬁeld reﬂections
from the virtual rigid boundary of the square background
medium are reintroduced into the physical waveguide,
including long-range multiple interactions with the virtual
rigid boundary. The comparison with numerical simulations [Figs. 2(d) and 2(e)] conﬁrms that when IBCs are
used, the physical measurements in the waveguide closely
match the wave propagation in a square medium, even
though the measurements are made in a circular physical domain. Thus, the circular physical waveguide is fully
immersed in a larger square physicovirtual medium in real
time. For the previous experiment, the virtual domain consists of a lossless material. In a second IBC-enabled experiment, the square virtual domain surrounding the physical
waveguide consists of an energy-gaining medium with a
frequency-independent gain of 13 dB/m. The experimental
results and a corresponding numerical simulation are displayed in Figs. 2(c) and 2(f). The wave energy increases as
waves travel through the gaining medium, leading to elevated wave amplitudes at later times because those events
have probed a larger area of the gaining material. Since
such energy-gaining media do not occur naturally, this
experiment demonstrates the ability to physically measure
the response of nonphysical media in the physicovirtual
laboratory.

A. Immersive wave experimentation including
higher-order scattering
To show that real-time immersive wave experimentation also encompasses higher-order long-range scattering interactions between physical and virtual scatterers, a
10 × 10 cm aluminum block is placed in the physical
waveguide and the immersive wave experiments repeated.
Note that for these experiments, the extrapolation Green’s
functions are identical to those in the previous experiment
(without the aluminum block present). Changes of the
medium within S rec do not require an update of the extrapolation Green’s functions [30,31]; thus no prior knowledge
of the medium properties within S rec is required.
The resulting complex acoustic wave ﬁeld contains
events that have interacted multiple times with both physical and virtual domains [Fig. 3(a)]. To highlight the
relatively weak multiply scattered interactions, Fig. 3(b)
shows the diﬀerence between wave ﬁelds with and without
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FIG. 3. Results of full wave-ﬁeld immersion including higherorder long-range physicovirtual scattering. The top row shows
sketches of the experimental setup (notation as in Fig. 1). (a),(b)
Experimental data extracted at the outer circular microphone
array with active boundary control enabled. (c),(d) Numerical
simulations of the pressure ﬁeld computed on a square model
with perfectly reﬂecting boundaries. Panels (a) and (c) show
the pressure ﬁeld with the aluminum scatterer present in Vphys
(gray square in top row). The diﬀerences of the wave ﬁelds with
and without the scatterer (i.e., the wave-ﬁeld components due to
the scatterer) are displayed in (b) and (d). Events recorded after
approximately 7 ms represent multiply scattered physicovirtual
interactions, e.g., a forward-scattered event that reﬂected at the
top and bottom boundaries of the virtual domain, which propagated three times through the physical domain in between (white
arrows).

the aluminum block, which are compared with numerical simulations on a square domain with and without a
10 × 10 cm rigid scatterer [Figs. 3(c) and 3(d) and 4]. Of
particular interest are those events observed after approximately 7 ms, which represent multiply scattered interactions between physical and virtual scatterers. Despite the
complexity and low amplitudes of the scattered ﬁeld due
to geometrical spreading, the experimental results contain
wave ﬁelds comparable to the reference simulations (with
a normalized root-mean-square error of about 10.0%),
demonstrating the ability of immersive wave experimentation to reproduce long-range higher-order interactions.
Thus, we may perform experiments and make recordings
in the physical laboratory as though they are conducted in
the virtually extended domain.
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IV. DISCUSSION

3 ms

We demonstrate that the physical implementation of
IBCs enables the construction of physicovirtual laboratories in which waves can propagate seamlessly between
physical and virtual media. The only condition on the
physicovirtual medium is that the properties and physics
are the same in both domains between the recording and
emitting surface (i.e., the physical and virtual domains
overlap). This does not imply that the physics or medium
in this region must be known, since the virtual medium
can also be represented by a set of measured (instead of
modeled) extrapolation Green’s functions. In that case,
no knowledge whatsoever of the medium parameters
and physics of either the virtual or physical domains is
required. In the following, we demonstrate the broadband
nature of immersive wave experimentation and discuss the
repeatability of immersive wave experiments.

4 ms

5 ms

6 ms

A. Broadband nature of immersive wave
experimentation
Compared to other control strategies, particularly those
relying on passive materials, which are often eﬀective
only for very narrow frequency bands [32,33], immersive boundary conditions are both spatially and spectrally broadband and hence capable of suppressing boundary reﬂections across a wide frequency band and for
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FIG. 4. Snapshots of the numerical simulations without (left)
and with (center) the scatterer in Vphys , respectively. The right
column shows the diﬀerence between the middle and left
columns, i.e., the ﬁeld that is due to the physical scatterer
(gray square). Orange star, stimulus loudspeaker; purple circle,
outer circular microphone array; red dots, secondary loudspeakers on S emt ; black boundary, the perfectly rigid boundary in the
numerical simulations. The white arrows show the same event
highlighted in Fig. 3.

FIG. 5. Experiments demonstrating the broadband nature of
immersive wave experimentation. The experimental setup is
sketched in the top row, where the dashed black line represents
an acoustically transparent boundary and the orange-black star
an eﬀective dipole source. The rest of the symbol key follows
that of Fig. 1. Recordings on the outer microphone array of S rec
without and with active boundary control using IBCs are shown
in the second and third row, respectively.
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FIG. 7. The mean and standard deviation of 20 realizations
of the leftmost experiment of Fig. 5. The close-ups of the time
series recorded at an azimuth of approximately 184◦ are centered around the ﬁrst boundary reﬂection. The mean values for
20 experiments without and with boundary control are displayed
in red and blue, respectively, and the standard deviation is shown
in black.

signals and immersing the physical experiment in a homogeneous half-space.
To further quantify the ability of IBCs to suppress broadband boundary reﬂections, the leftmost two experiments of
Fig. 5 are considered in more detail. Figures 6(a) and 6(d)
display example time series without (red) and with (blue)
active boundary control for these experiments. Moreover,
Figs. 6(b), 6(c), 6(e), and 6(f) show the reduction in SPL in
the ﬁrst boundary reﬂection with enabled boundary control
using IBCs. As expected, the SPL is signiﬁcantly reduced
across all 78 microphones of the outer microphone array
on S rec for both experiments, with a reduction of more than
10 dB over approximately 3.7 octaves.
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B. Repeatability of immersive wave experiments
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varying source locations. We experimentally demonstrate
the broadband nature of IBCs by carrying out four diﬀerent
experiments with varying source locations and signatures,
without making changes to the control algorithm or hardware. This also illustrates that no a priori knowledge
of the incident wave ﬁelds is required. The four experiments are: (1) a Ricker wavelet with fd = 3 kHz emitted
at (0.12, −0.12) m [Figs. 5(a) and 5(b)], (2) a stimulus
loudspeaker emitting a Ricker wavelet with fd = 4 kHz
at the center of the waveguide [Figs. 5(c) and 5(d)], (3)
an eﬀective horizontal dipole source emitting a Ricker
wavelet with fd = 4 kHz at the plate center [Figs. 5(e)
and 5(f)], and (4) four loudspeakers simultaneously emitting Ricker wavelets with fd = 4 kHz at (−0.2, 0) m,
(0, 0) m, (0.2, 0) m, and (0.12, −0.12) m [Figs. 5(g) and
5(h)]. Note that for these experiments, no scatterers are
present in Vphys or Vvirt (so that the black dashed line in
Fig. 1 represents a transparent boundary), thus only the
direct acoustic wave is extrapolated from S rec and emitted
on S emt . Despite the increasing complexity of the emitted wave ﬁelds, all boundary reﬂections are successfully
suppressed in the four experiments, thereby eﬀectively rendering the boundary transparent for broadband acoustic

90
180
270
Azimuth (degrees)

FIG. 6. The time series and SPLs for the leftmost two experiments in Fig. 5. (a),(d) The voltage recorded with a microphone
at an azimuth of approximately 184◦ without (red) and with
(blue) active boundary control. The gray boxes denote the time
windows around the ﬁrst boundary reﬂection used for the calculation of the reduction in SPL when boundary control is enabled
(b),(e). The horizontal black lines represent the mean SPL of
−12.1 dB (left) and −12.2 dB (right). (c),(f) A frequency-domain
representation of the reduction in SPL within the gray boxes,
with a reduction in mean reﬂected SPL of more than 10 dB over a
frequency range from approximately 400 Hz and 4400 Hz for the
ﬁrst experiment (oﬀ-center source, fd = 3 kHz) and from approximately 900 Hz to 5300 Hz for the second experiment (central
source, fd = 4 kHz).

The leftmost experiment of Fig. 5 is repeated 20 times
to analyze the repeatability of immersive wave experimentation. Figure 7 shows 20 realizations of microphone
recordings at an azimuth of approximately 184◦ . It is evident that the standard deviation of the pressure recordings
is signiﬁcantly lower than the signal level and also lower
than the residual energy in the suppressed reﬂected waves.
This indicates that incoherent acoustic or electronic noise
does not signiﬁcantly contribute to the resulting time series
and that most residual energy can be attributed to coherent
source-generated noise.
V. CONCLUSIONS
The physicovirtual laboratory enables the study of complex wave propagation in materials governed by unknown
physics under arbitrary boundary conditions (e.g., radiation or periodic boundary conditions). Such investigations
are not realizable in purely numerical simulations, because
unknown physics cannot easily be represented in a computer without a model, but also not in a conventional
wave-propagation experiment, for which the boundary
conditions cannot be dynamically adapted. The ability to
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apply real-time boundary conditions that turn full multiply
scattered wave propagation in one domain into propagation in another domain has fundamental and unexpected
consequences that allow previously experimentally inaccessible phenomena in wave physics to be investigated.
Since measurements are made in real time in this physicovirtual laboratory, no assumptions about the underlying
physics are made and also complex nonlinear behavior or
wave-ﬁeld interactions with nonphysical virtual media can
be measured. For instance, we demonstrate experimentally
that responses from virtual energy-gaining material can
be observed in the physicovirtual laboratory. The capability to exactly balance a physical loss material with a
well-described virtual gain material could be exploited to
build acoustic super-resolution focusing devices and unidirectional transparency by creating parity-time-symmetric
(PTS) acoustic media [34,35], which thus far has been limited to the numerical realm or 1D media due to the inability
to realize energy-gaining materials in higher dimensions.
Apart from PTS media, the physicovirtual laboratory constitutes a stepping stone for the study of periodic metamaterials through the use of periodic boundary conditions
on the virtual domain: waves leaving the laboratory on
one side enter the laboratory on the opposite side. In this
way, the physical laboratory and scatterers placed within
it can be considered as the unit cell of an inﬁnitely periodic lattice, leading to a range of unusual and exotic
wave phenomena [36]. When interchanging the recording
and emitting surfaces of the physicovirtual laboratory, the
presented methodology can also be used for broadband
acoustic cloaking and holography [32,37–40], as has been
presented in 1D experiments in Börsing et al. [27]. This
could be used to conceal objects from acoustic waves or
to create acoustic illusions in real time and for arbitrary
incident wave ﬁelds. Finally, as a listener or observer in
a medium or cavity surrounded by IBCs, one would not
be able to discern whether they were in the larger physical
medium or any one of an inﬁnite set of smaller media with
IBCs applied. The ability to switch oﬀ reﬂections from
the boundary of the laboratory also implies that the frequency and wavelength limitations associated with experimentation in the original smaller volume are replaced
by frequency and wavelength limits associated with the
larger physicovirtual medium. This property enables the
physics of wave propagation to be studied at signiﬁcantly
lower frequencies than in conventional laboratories without undesired boundary reﬂections masking the signal of
interest. Hence, when scaled to three dimensions (3D),
the presented methodology could, for instance, be used to
(re)produce complex real (or imagined) immersive acoustic environments for listeners in a cavity enclosed by
IBCs [41–43]. Moreover, a 3D physicovirtual laboratory
would enable audio-hardware calibration under arbitrary
boundary conditions; for example, loudspeaker-response
measurements in a simulated anechoic chamber or rooms
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with various tunable acoustic characteristics. While the
scaling to 3D is nontrivial, it is one of our key current
objectives and the control system enabling physicovirtual
experimentation, as described in Becker et al. [26], is built
and designed for a full-scale 3D laboratory.
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APPENDIX A: THEORY OF IMMERSIVE
BOUNDARY CONDITIONS
In the following, we brieﬂy summarize the derivation of
the IBCs for an acoustic physicovirtual laboratory. More
details on IBCs can be found in previous publications
[16–18]. To this end, we denote by Vphys the physical
acoustic laboratory to be fully immersed in Vvirt , an arbitrarily complex virtual domain surrounding the physical
laboratory (see Fig. 8). In this study, Vvirt is represented
by numerical simulations but it could also be represented
by a set of measured medium responses.
The physical boundary of the laboratory is assumed
to be rigid (sound hard) and is denoted by S emt . Without active boundary control on S emt , waves reﬂect back
from this boundary into the interior of Vphys (top part of
Fig. 8). It is our goal to render S emt virtually transparent
for acoustic waves and to fully couple the wave propagation in Vphys and Vvirt by injecting secondary sources on
the boundary of the laboratory with appropriate source signatures. This state, for which Vphys is fully immersed in
Vvirt and waves can propagate seamlessly back and forth,
is denoted by Vfull (bottom part of Fig. 8). Intuitively,
the necessary boundary conditions to be injected on S emt
can be found by diﬀerencing the pressure-ﬁeld representations in Vfull and Vphys , which are denoted by pfull (x, t)
and pphys (x, t), respectively. Using the reciprocity theorem
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Semt
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[18]. The normal particle velocity on S emt can be obtained
by using a Kirchhoﬀ-Helmholtz integral to extrapolate the
wave ﬁelds from an auxiliary recording surface S rec inside
Vphys to S emt [16,30]:

vfull,i (xemt , t) =


S rec

v,q

Gfull,i (xemt , x, t) ∗ vfull,m (x, t)


v,f
+ Gfull,i,m (xemt , x, t) ∗ pfull (x, t) nm dS.

Physical domain
Vphys

(A2)
IBC

v,q

Full domainVfull
Acoustically
Semt transparent
emitting surface
Srec
Virtual
scatterer

Physical
scatterer

Virtual domain
Vvirt

Physical domain
Vphys
nm

S rec

ni

FIG. 8. A schematic illustrating the concept and domains of
IBCs. The physical laboratory is denoted by Vphys and bounded
by a rigid surface S emt (top part of the ﬁgure). Through the injection of IBCs by secondary sources on S emt (red stars in the bottom
part of the ﬁgure), the boundary is rendered acoustically transparent and waves can seamlessly propagate between the physical
laboratory (green arrows) and the surrounding virtual domain
(purple arrows). This state, for which Vphys is fully immersed in
Vvirt , is denoted by Vfull . The green area in the bottom part of the
ﬁgure represents the common region of Vphys and Vvirt , for which
the medium parameters need to be identical in both domains.

of the convolution type, this diﬀerence can be expressed
as [18]
pfull (x , t) − pphys (x , t)



p,q
=−
Gphys (x , x, t) ∗ vfull,i (x, t) ni dS,
S emt


for x ∈ Vphys ,

v,f

Here, Gfull,i (xemt , x, t) and Gfull,i,m (xemt , x, t) represent the
ith component of the particle-velocity impulse response of
Vfull due to a monopole source and an m-directed dipole
source, respectively, and nm is the mth component of the
outward-pointing normal on S rec . To facilitate the implementation of Eq. (A2) on the real-time control system,
we rewrite the equation recursively and discretize in time
[16,18]:




v̂full,i xemt , k; l = v̂full,i xemt , k − 1; l
 

v,q 
+
Ĝfull,i xemt , x, l − k v̂full,m (x, k)

(A1)

where temporal convolution is represented by an asterp,q
isk, Gphys (x , x, t) is the acoustic pressure impulse response
(Green’s function) of the medium at x due to a point
source of volume injection rate volume density at x,
vfull,i (x, t) is the ith component of the particle velocity in
the full domain, and ni denotes the ith component of the
outward-directed normal on S emt . Note that for the derivation of Eq. (A1), S emt is assumed to be a rigid boundary, but
a similar expression can be derived for a free surface at S emt


v,f
+ Ĝfull,i,m (xemt , x, l − k)p̂full (x, k) nm dS,
(A3)
where time-discretized quantities are represented by ˆ, and
k and l are the discrete time index and discrete lag time
index, respectively (with k, l ∈ N | 1 ≤ k, l ≤ Nt , where Nt
is the total number of time steps in an experiment). Equations (A1) and (A3) form the core for the implementation
of IBCs on S emt . The two equations can be interpreted
as follows: Vphys is fully immersed into Vvirt by emitting
monopole sources on S emt , which are scaled with the normal particle velocity on S emt measured in Vfull [Eq. (A1)].
Clearly, v̂full,i (xemt , k; l)ni must be predicted ahead of time
(i.e., knowledge of the wave ﬁeld arriving at the boundary of the truncated domain is required before it actually
arrives). This is achieved by measuring the pressure and
normal particle velocity on the auxiliary recording surface S rec and extrapolating both wave-ﬁeld quantities to
S emt [Eq. (A3)]. More precisely, at each time step k, the
pressure and normal-particle-velocity ﬁelds with l ≥ k are
extrapolated, v̂full,i (xemt , k; l = k)ni is applied as the source
strength of the monopole sources on S emt , and future values of v̂full,i (xemt , k; l > k)ni are summed to a buﬀer for use
at later times of the computation. The necessity to extrapolate the wave ﬁeld from S rec to S emt is the reason why
a region common to Vphys and Vvirt exists in which the
medium properties of both domains ought to be identical
(green region in Fig. 8); everywhere else, they may differ. The required size of this region is determined by the
latency of the extrapolation.
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APPENDIX B: EXPERIMENTAL SETUP
IBCs are physically implemented in an air-ﬁlled acoustic waveguide consisting of two parallel polymethyl
methacrylate (PMMA) plates with a spacing of a = 2.5 cm
(see Figs. 1 and 9). The wave propagation in the waveguide can be regarded as two-dimensional for signals
below the cutoﬀ frequency of the fundamental mode, fc =
0.5 ca−1 [44], where c is the speed of sound. This leads to
fc ≈ 6.9 kHz for our experiments in air. The 2D character of wave propagation in the waveguide is experimentally validated by comparing physical measurements
to 2D simulations for various source-receiver locations
[45]. According to the theory, the implementation of IBCs
requires measurements of the pressure and normal particle
velocity on S rec (see Sec. II). Instead of directly recording the particle velocity, the wave-ﬁeld quantity can be
derived from the gradient of the pressure ﬁeld using two
(or more) microphones oriented slightly inside and outside of S rec , respectively. Hence, for our experiments the
recording surface comprises two circular arrays with radii
of 23.8 cm and 25.8 cm, respectively, each consisting of
78 electret condenser microphones. The microphones are
mounted ﬂush with the inside of one of the PMMA plates,
and are separated by d = 2 cm in the normal direction.
The boundary of the experimental domain, which coincides with S emt , consists of a circular 3D printed array with
a radius of 66.2 cm. The array houses 104 loudspeakers
spaced 4 cm in the tangential direction. For experiments in
air, the distance of approximately 41 cm between S rec and
S emt allows a maximum total latency of about 1200 μs, of
which 200 μs is used for the extrapolation and the remaining 1000 μs is available for hardware corrections and the

Loudspeaker

7
Microphone
2

6

5
Source amplifier Ground isolator
3
Microphone
amplifier

Waveguide 1

4 Low-latency control system

FIG. 9. The hardware chain used for 2D acoustic immersive
wave experimentation: 1, waveguide consisting of two parallel
PMMA plates with a 2.5-cm separation distance; 2, electret condenser microphone (SparkFun electronics, COM-08635) on S rec ;
3, electret microphone amplifying circuit (SparkFun electronics,
BOB-12758), modiﬁed with a 470  resistor and a 2.2 μF capacitor; 4, low-latency control system consisting of 800 analog-input
and 800 analog-output channels; 5, ground isolator (Monacor,
FGA-40MF); 6, eight-channel 50 W class-D digital ampliﬁer
(Monacor STA-850D); 7, 8 , 1.2 W loudspeaker (PUI Audio,
AS01508MR-R) on S emt .
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real-time estimation of the normal particle velocity from
pressure recordings.
APPENDIX C: MODELING AND MANIPULATION
OF THE EXTRAPOLATION GREEN’S
FUNCTIONS
In theory, the implementation of IBCs requires closely
spaced particle velocity and pressure measurements on
S rec to be extrapolated to S emt , where the extrapolated
wave ﬁelds are injected as the signatures of closely spaced
monopole sources on a rigid boundary. However, “perfect” measurements of the pressure and particle velocity,
monopolar sources, and perfectly rigid boundaries are idealized theoretical constructs that are diﬃcult to realize in
a physical experiment. Hence, a physical implementation
of IBCs requires a range of hardware-related corrections
to be made in order to comply with the theory. For our
experiments, we consider scalar and frequency-dependent
corrections only, which are represented by short temporal
matched ﬁlters a few coeﬃcients in length. Due to the associative property of the convolution, these corrections can
be made as part of the real-time extrapolation by manipulating the extrapolation Green’s functions in Eq. (A3) prior
to an experiment. This has the advantage that no additional
computations or ﬁltering operations are needed at run time.
Recently, it has been found that a similar approach also
holds for angle-dependent corrections, such as corrections
for the nonmonopolar directivity pattern of the control
loudspeakers [46].
For the experiments described in this work, the creation
and manipulation of the extrapolation Green’s functions
consists of the following steps:
(1) Forward modeling of the extrapolation Green’s
functions from each microphone on S rec to each loudspeaker on S emt using 2D acoustic ﬁnite-diﬀerence modeling with second-order accuracy in time and space.
(2) Application of a 0.3–10 kHz bandpass ﬁlter.
(3) Removal of the loudspeaker and ampliﬁer transfer functions by convolving the Green’s functions with
matched ﬁlters that represent the inverse transfer functions
of each loudspeaker-ampliﬁer pair.
(4) Removal of the microphone transfer functions by
scaling the Green’s functions with the microphone sensitivities.
v,q
(5) For Ĝfull,i (xemt , x, l − k), estimating the particle
velocity from two staggered pressure recordings based on
v,f
the equation of motion; for Ĝfull,i,m (xemt , x, l − k), linear
interpolation of two staggered pressure recordings to the
midpoint between the microphones (for details, see Becker
et al. [26]).
(6) Application of matched ﬁlters (one per control loudv,f
speaker) to Ĝfull,i,m (xemt , x, l − k) that optimize the waveﬁeld separation implied in Eq. (A3). The matched ﬁlters
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are determined in an initial calibration experiment with
homogeneous Vphys and Vvirt and a stimulus source placed
at the plate center. Hence, only a single event should be
extrapolated to S emt . The matched ﬁlters are then obtained
by minimizing the residual energy following the direct
extrapolated wave. Note that this approach has similarities
to earlier work for the decomposition of marine seismic
wave-ﬁeld data [47].
(7) Decomposition of the Green’s functions into a direct
part and a part due to scatterers in Vvirt , so that a correction for the deviation from a perfectly rigid boundary
at S emt can be applied to the direct part of the Green’s
function only. In a calibration experiment, a single ﬁlter
is estimated that matches the wave ﬁeld resulting from the
emission of the control loudspeakers (with all previously
described corrections applied) to the reﬂected wave ﬁeld
resulting from the emission of a stimulus loudspeaker at
the plate center. This ﬁlter is then applied to the direct part
of the extrapolation Green’s function and represents the
frequency-dependent (normal-incidence) reﬂection coeﬃcient of the physical boundary at S emt but also accounts for
any residual errors from the removal of hardware transfer
functions.
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